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The velocity distr ibution and p r e s s u r e  drop associa ted  with injection flow in a s traight  duct 
a re  analyzed on the basis  of exact solutions of the N a v i e r - S t o k e s  equations. 

The analytical  investigation of flows with t r ansve r se  injection is normal ly  car r ied  out on the assump-  
tion that the flow near  the wall has boundary- layer  proper t ies  (see, e .g .  [1, 2]), corresponding to small  
injection ra tes .  For  large injection ra tes ,  such that t r ansve r se  p r e s s u r e  gradients  are  set up and the 
t r a n s v e r s e  flow velocit ies v a re  comparable  with the longitudinal flow velocities u, the flow pat tern  can no 
longer  be descr ibed in t e rms  of a s imple model. In par t icular ,  for values of the injection pa ramete r  above 
the cr i t ica l  value, boundary- layer  separat ion takes place, and near  the wall, as c lear ly shown by, for 
example, the resu l t s  of visual observat ions [3], there  emerges  a flow region that can be analyzed only on 
the basis  of the complete sys t em of N a v i e r - S t o k e s  equations. 

If, however,  injection is real ized into a duct (0 < x < ~) of finite height (0 < y < h), at a cer ta in  dis-  
tance x = X* f rom the channel entry the boundary layer  displaced by injection at y = 0 joins with the boun- 
dary  layer  at y = h, and the t r a n s v e r s e  velocity profi le s tabi l izes.  The principal  attribute of this kind of 
flow in the laminar  reg ime is se l f - s imi la r i ty ;  accordingly,  for x -> x 0 > x* the solution can be wri t ten 

u = Uo (y) - -  (x - -  xo) ~ (y), v = �9 (y),  p = Po (Y) + ( x - -  Xo) Pl + (x  - -  Xo) ~ &.  (1) 

Insert ing (1) into the N a v i e r - S t o k e s  equations, we obtain a sys tem of ordinary differential equations: 

v~ 2p~ ,_}_ d~ - -  ~,  (2) 

P 

Vho= P ' + u o ~ - U o ( ~ ,  (3) 
9 

Po -- eonst + v+ - -  1 ~=, (4) 
p 2 

in which the dot denotes differentiat ion with respec t  to y. Here the longitudinal velocity u0{y) corresponds 
to t~e flow entering the channel up to a c ross  sect ion x = x 0 > x* with a specified volumetr ic  flow rate  Q0 

= f u0dy = ~h. The var ia t ion of the flow ra te  along the channel due to injection at x >- x 0 is related to the 

qua~ ~ and the total flow ra t e :  
h 

Q = S [uo (y) - -  (x - -  Xo)d~ (y)l d y  = Qo - -  (x  - -  Xo) (vl  - -  Vo), (5) 
0 

where v0 and v 1 a re  the t r a n s v e r s e  veloci t ies  at the respect ive  boundaries y = 0 and y = h. 

The quantities Pl and P2 a r e  constants .  Here Pl is determined in the solution of Eq. (3) for u0(Y) sub- 
ject  to the boundary conditions u0(0) = u0(h) = 0 and a given flow rate  Q0, and P2 is determined in the solu- 
t ion of the t h i r d - o r d e r  equation (2) under four boundary conditions: 

(I) (0) = v o, (D (h) = v 1, ~ (0) = ~ (h) = O. (6) 
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Equat ion  (3) is comple t e ly  au tonomous  and admi t s  the so lu t ion  u 0 =- 0. In this case  the s y s t e m  (2)- 
(4) y ie lds  the ve loc i ty  d i s t r ibu t ion  fo r  v i s cous  flow in the case  of in jec t ion  into a d u c t  c losed  at x = 0, i . e . ,  
Q0 = 0 for  x 0 = 0. In  the  g e n e r a l  c a s e  of  u 0 ~ 0 the  so lu t ion  of  Eqs .  (2) and (3) d e s c r i b e s  the p a t t e r n  r e -  
su l t ing  f r o m  the  addi t ion  of longi tudinal  and t r a n s v e r s e  v i scous  fluid f lows,  thus a f ford ing  a "v i scous"  
g e n e r a l i z a t i o n  of the  s u p e r p o s i t i o n  p r inc ip l e  fo r  flows of an  ideal  fluid. 

We a l s o  note tha t  the  g iven  flow g e n e r a l i z e s  in a c e r t a i n  s e n s e  flows of the  b o u n d a r y - l a y e r  type  by 
e l imina t ing  the  inf luence of the t r a n s v e r s e  p r e s s u r e  g rad ien t  P0 (through @ and C,z) on the t r a n s v e r s e  d i s -  
t r i bu t ion  of the longi tudinal  ve loc i t i e s  in p l a n e - p a r a l l e l  flow. 

In a c c o r d a n c e  with (1) the d i s t r i bu t ion  of the  t e m p e r a t u r e  T (or concen t r a t i on  C) is a l so  s e l f - s i m i l a r :  

T = eo (Y) + (x --Xo) 9 (y), (7) 

whe re  ~0(Y) and 3(y), a c c o r d i n g  to the h e a t - t r a n s f e r  equat ion,  s a t i s fy  the d i f fe ren t ia l  equat ions  

a~o ='r + Uo~, (8) 

a~ eo~--  +~,  (9) 
in  which a is the t h e r m a l  di f fus ivi ty .  

The  indicated  s e l f - s i m i l a r i t y  is not the exc lus ive  p r o p e r t y  of p l ana r  mot ion .  An  ana logous  solut ion 
ex i s t s  fo r  a x i s y m m e t r i c a l  mo t ion  as  wel l :  

u = u o (r) =- (x - -  Xo) ~ (r), v = (p (r), w = X (r), {10) 

P = P0 (r) -" (x - -  x0) p~ + (x --" x0) ~ p~ (q < r < r 2, 0 < x < oo)) 

and u a r e ,  r e s p e c t i v e l y ,  the rad ia l ,  c i r c u m f e r e n t i a l ,  and longitudinal  componen t s  of  the v e l o c -  where v, w, 

ity, 

,, ~ + - -  _ 
P 

= _-_I (~), 
/" 

=) �9 ~ + uo = P__~_~ + U o ~ + U o %  
P 

(11) 

(12) 

(13) 

= -- , (14) 
r r 2 , r 

r /-2 r ) 

and the dot  denotes  d i f fe ren t i a t ion  with r e s p e c t  to  r .  

Equat ions  (1t)-(15) can  be used  to  ana lyze  the flow g e n e r a t e d  by  in jec t ion  into an  annu la r  duc t .  It is  
to  be noted that  this  s e l f - s i m i l a r i t y  a l so  ho lds  fo r  nons teady  f lows.  Omit t ing the exac t  c o r r e s p o n d i n g  s y s -  
t e m  of equat ions ,  we point  out that  t i m e  de r i va t i ve s  a r e  added to  the l e f t -hand  s ides  of Eqs .  (2)-(4) in the 
p l a n a r  c a s e :  - - (8~r  in (2), --(~u0/0t)  in (3), and ~@/~t in (4). Ana logous ly ,  fo r  the  a x i s y m m e t r i c a l  
c a s e  the  l e f t -hand  s ides  of Eqs .  (11)-(i5) a r e  augmen ted  with the de r i va t i ve s  --(~T/Dt), --(~u0/0t) ,  ~ / ~ t ,  
- -  (0x/0t). 

Besides their direct applicability to the given injection problem, the indicated equations are of inde- 
�9 pendent interest insofar as they supplement the restricted class of self-similar problems associated with 

the Navier-Stokes equations and take inertial terms into account. Their solution shows how viscous flow 
goes over to inviscid flow with variation of the Reynolds number Re. 

We give the results of the calculations for the steady planar flow equations (2)- (4). 

1. The transverse velocity equation (2) is similar in its structure to the Falkner-Skan equations and 
b o u n d a r y - l a y e r  t h e o r y .  However ,  b e c a u s e  the boundary  condi t ions  d i f fer ,  the s i m i l a r i t y  van i shes  in the 
so lu t ions .  In the ge ne ra l  c a s e  Eq. (2) does  not submi t  to  e l e m e n t a r y  in teg ra t ion .  

On the o ther  hand,  if the in jec t ion  (suction) r a t e  at y = 0 is equal to the  suc t ion  (injection) r a t e  at  
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y = h, i . e . ,  i f  v i = v0, t h e n  v = cons t  and P2 = 0. Th i s  s i t u a t i o n  i s  c h a r a c t e r i z e d  by  the  a b s e n c e  of a t r a n s -  
v e r s e  p r e s s u r e  g r a d i e n t  (P0 = cons t ) .  I n a s m u c h  a s  th i s  r e s u l t  does  not depend  on u0, i t  c an  be  a s s u m e d  
tha t  the  t r a n s v e r s e  f low d o e s  not i nduce  a n  a d d i t i o n a l  p r e s s u r e  g r a d i e n t  in  the  l ong i tud ina l  f low.  I t s  i n -  
c e p t i o n  r e q u i r e s  t ha t  v i r v 0. 

Le t  i t  b e  s u p p o s e d  t ha t  t he  duc t  wa l l  y = h i s  i m p e r m e a b l e ,  i . e . ,  t ha t  vl  = 0. C l e a r l y ,  the  t w o - s i d e d  
i n j e c t i o n  p r o b l e m  (v = v 0 a t  y = 0 and v I = - - v  0 at  y = h )  i s  a l s o  r e d u c i b l e  to  the  f o r e g o i n g  c a s e ,  b e c a u s e  on 
the  duc t  a x i s  ~(h /2)  = 0 (h /2 )  = 0. 

Equa t ion  (2) s u b j e c t  to  the  b o u n d a r y  c o n d i t i o n s  (6) 

r (0) = v0, q; (0) = r (h) = $ (h) = 0 (1.1)  

has  b e e n  s o l v e d  n u m e r i c a l l y .  F o r  i m p l e m e n t a t i o n  of the  n u m e r i c a l  p r o c e d u r e  i t  is  w r i t t e n  in  the  i n t e g r a l  
f o r m  

1 1 I 

ap = ap o (y) + .I/(1 (Y, ~) q) 0l) d~l + S K~ (y, ~l) q)~ 0l) d~l + S/(3 (y' ~1) d# 0l) d~], 
0 0 

1 t l ( 1 . 2 )  

f3 =-- 2p2h~pv~ - - a ~  'of kl (~l) cD Ol) d~l + ~ k~ (~l) (l)~ (~l) + "6I k~ (*l) (D~ (~) d*l' 

which  i s  ob t a ined  a s  fo l l ows .  We deno te  by  ~* and ~**  c e r t a i n  a v e r a g e  v a l u e s  of r and ~ o v e r  the  duct  
he igh t  and  w r i t e  Eq.  (2) in  t h e  f o r m  

v ~  - - O * ~  + q)**q) = H, (1.3) 

w h e r e  

H --  2p~ + ((D - -  (1)*)(~ - -  ((~ - -  (1)**) ~ .  (1.4) 

T h e  f o r m a l  i n t e g r a l  ( 1 . 3 )  h a s  the  f o r m  
y 

(I)=D+C, exp(~ ,~)+C,  exp(.,Y)+SK(Y--~)H(~)(Y--~I)d'I, 
o 

(1.5) 

where 

(1)* Re - i / (  q)* ~2 Re ~ (l)**h 
~1,~-- Vo 2 + ]/ ~ ' \  v 0 / 4 v ~  Re, Re- -  v~ ' (1.6) 

K (y - -  '1) = C exp Ih - -  exp ~2 �9 (1.7) 

T r a n s f o r m i n g  (1.5) wi th  r e g a r d  fo r  t he  b o u n d a r y  cond i t ions  (1.1) g o v e r n i n g  Cl,  C2, D, and  2P2/0 , we 
a r r i v e  a t  (1.2). Wi thou t  w r i t i n g  out t he  c u m b e r s o m e  e x p r e s s i o n s  for  t he  k e r n e l s  K1, K 2, K 3 in  g e n e r a l  
f o r m ,  we po in t  out t ha t  t he  c o n v e r g e n c e  of  t he  a p p r o x i m a t i o n s  a c c o r d i n g  to  (! .2)  de pe nds  e s s e n t i a l l y  on 
the  c h a r a c t e r  of  the  k e r n e l s ,  i . e . ,  i n  the  f ina l  a n a l y s i s  on the  cho i ce  of v a l u e s  fo r  r  and  r  In p a r t i c -  
u ! a r ,  f o r  ~* = ~**  = 0 the  a p p r o x i m a t i o n  p r o c e d u r e  a c c o r d i n g  to  Eq.  (1.2) c o n v e r g e s  s u f f i c i e n t l y  r a p i d l y  
fo r  s m a l l  Re ;  fo r  [Rel < 1 ( r e g a r d l e s s  of t he  s i g n  of  Re) one a p p r o x i m a t i o n  i s  a d e q u a t e .  

F o r  l a r g e  v a l u e s  of Re  i t  i s  r e q u i r e d  to  have  r  e 0 and ~**  e 0 in  o r d e r  to  e n s u r e  r a p i d  c o n v e r -  
g e n c e .  T h e  z e r o t h  a p p r o x i m a t i o n  in  t h i s  c a s e  i s  g i v e n  by  the  e x p r e s s i o n  

in  which  

(1)o=vo[do+fih +d~exp(vtlY)+d~exp@2 h )  t, (1.8) 

2P2 h* ~h~% (exp ~q - -  exp ~h) d o = - -  ~ - -  d x exp ~t x - -  d 2 exp 9~., 
f3----- pv-~o = Do ' 

d l = - -  92 [1--exp~%], d 2 =  91 [1 - - expp l ] .  
Do Do 

Do = ~I - -  I~2 + (~l - -  ~x~) exp (~l + ~2) + (~1~2 - -  ~i -" ~,2) exp ~z 

- -  (t*lP'2 --  Pl -- g2) exp ~h. (1.9) 
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T A B L E  1. D r a g  and H e a t - T r a n s f e r  C o e f f i c i e n t s  fo r  L a m i n a r  In-  

j e c t i o n  F l o w  in a S t r a i g h t  Duct  

Re, Pe 50 40 30 20 I0 5 1 0,5 

c~(Re) 2108 ' 2 , 1 0  2114 : 2,22 2 , 5  3,26 12,2 25 
i3(Re) --2,62 --2,85 --3,05 - -3 ,3  - -3 ,8  --5,2 --14,3 --26,3 
",,,(Re) --2,62 --2,85 --3,05 --3,3 --3,8 --5,1 --14,1 --26,1 
Nu(Pe) 7, l 6,3 5,5 4,5 3,19 2,2 1,24 1,07 

Re, Pe --0,5 --1 --5 --10 --20 --30 --40 --50 

a(Re) 
[3(]~e) 
"r 
Nu(Pe) 

--25 
21,7 
21,9 
0,93 

12,5 
10,7 
10,9 
0,76 

3,26 
1,50 
1,52 
0,191 

2,5 
0,59 
0,59 
g,015 

2,22 
0,48 

,48 

2,I4 
0,48 
0,48 

2,10 
0,48 
0,48 
0 

2,08 
0,48 
0,48 
0 

vo 

' 5  

Re=~(so) 

F i g .  1. T r a n s v e r s e  v e l o c i t y  d i s -  
t r i b u t i o n  �9 / v  0 o v e r  the  he igh t  of a 
duc t  wi th  an  i m p e r m e a b l e  wa l l  y 

= h  (v t = 0). 

C a l c u l a t i o n s  show tha t  two o r  t h r e e  a p p r o x i m a t i o n s  su f f i ce  
wi th  p r a c t i c a l l y  1% e r r o r  fo r  ~*  = v0/2,  ~** = - -v0 /h ,  and a l l  
v a l u e s  of Re .  T h i s  i s  b e c a u s e  the  s i g n  of e ach  of the  func t ions  

and ~> i s  c o n s t a n t  in  t h e  i n t e r v a l  0 < y < h and so  the  z e r o t h  
a p p r o x i m a t i o n  (1.8) i t s e l f ,  ob t a ined  by  the  r e p l a c e m e n t  of �9 and 

wi th  c o n s t a n t s ,  r e p r e s e n t s  t he  f low fa i th fu l ly  in  e v e r y  d e t a i l .  

F o r  equa t ions  of the  t ype  (2) t he  a dop t e d  i n t e g r a l  me thod  
has  m a j o r  a d v a n t a g e s  f r o m  the  c o n v e r g e n c e  s t a ndpo in t  o v e r  the  
c o n v e n t i o n a l  d i f f e r e n c e  me thod ,  b e c a u s e  the  l a t t e r  r e q u i r e s  
c a r e f u l  s e l e c t i o n  of the  due t  he igh t  s t e p  fo r  each  va lue  of Re  to  
e n s u r e  s t a b i l i t y  (i. e . ,  t he  s a m e  d i f f i cu l ty  i s  m e t  a s  in  the  s o l u -  
t i on  of the  c o m p l e t e  s y s t e m  of N a v i e r - S t o k e s  equa t ions . )  

The  r e s u l t s  of  a c a l c u l a t i o n  of the  t r a n s v e r s e  v e l o c i t i e s  
o v e r  the  duc t  he igh t  on the  b a s i s  of Eq.  (1.2) a r e  g i v e n  in  F i g .  1 
fo r  a v a r i a t i o n  of  Re  f r o m  _oo (suct ion)  to  +~o ( in jec t ion) .  It i s  
s e e n  tha t  t he  �9 p r o f i l e  b e c o m e s  p r o g r e s s i v e l y  m o r e  h u m p e d  with  
i n c r e a s i n g  Re ,  a p p r o a c h i n g  in  the  l i m i t  ( e s s e n t i a l l y  a t  Re  = 30) 
t he  p r o f i l e  fo r  an  i d e a l  f lu id .  T h e  l a t t e r  i s  ob t a ined  by  the  d i r e c t  
s o l u t i o n  of  Eq, (2) fo r  v = 0 wi th  t he  b o u n d a r y  cond i t ions  ~(0) 
= v0, ~,(0) = ~(h) = 0: 

W = v o c o s  ' P = - - - 4 - '  2 h \ 2  h /  

i . e . ,  wi th  i n j e c t i o n ,  beg inn ing  with  Re = 30, t he  t r a n s v e r s e  v e l o c i t y  d i s t r i b u t i o n  can  be  c a l c u l a t e d  f r o m  
the  i d e a l - f l u i d  m o d e l .  The  in f luence  of v i s c o s i t y ,  on the  o t h e r  hand,  which  i s  n e e d e d  in  o r d e r  to  c a l c u l a t e  
t he  f r i c t i o n  l o s s e s ,  only  has  to  be  t a k e n  in to  accoun t  in  the  i m m e d i a t e  p r o x i m i t y  of  the  wa l l  y = h in  a l a y e r  
of  t h i c k n e s s  5. A d d i t i o n a l  i n v e s t i g a t i o n  shows  tha t  the  t h i c k n e s s  of t h i s  l a y e r  i s  of o r d e r  5 = h ( l n l ~ e / R e ) .  

F o r  Re < 0 ( suc t ion  a t  y = 0) the  b e h a v i o r  of ~ / v  0 d i f f e r s  s o m e w h a t .  The  r o u n d n e s s  of the  p r o f i l e  i s  
o b s e r v e d  to  d e c r e a s e  m o n o t o n i c a l l y  wi th  i n c r e a s i n g  ]Re l. F o r  LRei >- 50 the  p r o f i l e  p r a c t i c a l l y  c o i n c i d e s  
wi th  the  a s y m p t o t i c  p r o f i l e  (tRe, = ~) .  S ign i f i can t ly ,  t he  l a t t e r  d i f f e r s  f r o m  the  i d e a l - f l u i d  p r o f i l e  (1.10), 
which  does  not depend  on the  s i g n  of v 0. Th i s  r e s u l t  c o n f i r m s  the  w e l l - k n o w n  d i s p a r i t y  b e t w e e n  the  v a n i s h -  
i n g - v i s c o s i t y  t h e o r y  and the i d e a l - f l u i d  t h e o r y  [4]. 

T h e  ~ / v  0 d i s t r i b u t i o n  in  F i g .  1 c o r r e s p o n d s  to  a l ong i tud ina l  f low u = - - ~ x ,  in  whose  m o t i o n  the  p r e s -  
s u r e  d r o p s  a long  the  duc t  in  a c c o r d a n c e  wi th  t he  e x p r e s s i o n  (1.2) f o r  P2: 

Apl  =- p (L) - -  p (0) -~ p~L 2 = - - i f -  ~ (Re). (1 .1i)  

The  r e s u l t s  of a c a l c u l a t i o n  of /3 (Re) a r e  g i v e n  in  t he  s e c o n d  c o l u m n  of T a b l e  1. F o r  Re  > 0 the  
v a l u e s  of ~(Re) < 0, w h e r e  fi - -  - -2 .6  a s  Re  - -  ~o; fo r  v a l u e s  of Re c l o s e  to  z e r o  /3 = - - ( 1 2 / R e  + 81/35);  
fo r  Re  < 0 the  v a l u e s  of fi(Re) > 0, and ,'3 - -  0.48 a s  tRe i - -  4 
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Fig .  2. L o n g i t u d i n a l  v e l o c i t y  d i s -  
t r i b u t i o n  u 0 o v e r  t he  duc t  h e i g h t  fo r  

u  ---- VO" 

2. Next  we c o n s i d e r  the  l ong i tud ina l  v e l o c i t y  d i s t r i b u t i o n ,  
which ,  a s  i m p l i e d  b y  (1), c o n s i s t s  of two c o m p o n e n t s .  Equa t ions  
(3) enab l e  ̀ u s  to d e t e r m i n e  the componen t  u0(Y) c o r r e s p o n d i n g  to  
t he  i n i t i a l  c r o s s  s e c t i o n  x = x 0 and the  f low r a t e  Q0 s p e c i f i e d  in  
tha t  c r o s s  s e c t i o n .  The  r a t e  Q0 i s  c l e a r l y  equa l  to  the  s u m  of 
t he  f low r a t e  e n t e r i n g  the duct  : through the  e n t r a n t  c r o s s  s e c t i o n  
x = 0 and the  f low r a t e  (vi - -  v0)x 0 due to  i n j e c t i o n  in  the  i n i t i a l  
s e c t i o n  of the  duc t  (0 < x < x0). I n a s m u c h  a s  the  c r o s s  s e c t i o n  
x = x 0 > x*  i s  a r b i t r a r y  (by the  s t a t e m e n t  of  the  p r o b l e m )  and any 
o t h e r  c r o s s  s e c t i o n  x > x 0 can  be  t a k e n  a s  the  i n i t i a l ,  we can  e x -  
p r e s s  the  long i tud ina l  v e l o c i t y  d i s t r i b u t i o n  in  any c r o s s  s e c t i o n  
x > x 0 i n t e r m s  ofu0(y) ,  i . e . ,  u(x, y) = c(x)u0(y). We show tha t  
t h i s  i s  i ndeed  the  c a s e .  In c o r r e s p o n d e n c e  with  (5) we have  

h tt 

(x X0](UI U0) 
(x) = ~ (x, y) d y , ,  ~o (y) du - ,  - 

J Qo 
0 0 

and in c o r r e s p o n d e n c e  with (1) 

~o (y) - ( ~ -  ~o) r (y) = ~o (y) / 1 - (~ - ~~ (~ - ~o) ]. 
L Q~ J 

It fo l lows  f r o m  the  l a t t e r  r e l a t i o n  tha t  

t~ ~ (y) _ Qo d). 
U I - -  U o 

Substituting (2.1) into (3), 
(2) for 

2p~ ---- - -  p~ vx - -  v~ , 

qo 

( 2 . 1 )  

we s e e  at  once tha t  ~ does  s a t i s f y  

(2.2) 

and  so ,  in  f ac t ,  u ( x ,  y) = c(x)u0(Y). 

Thus ,  to  o b t a i n  t h e  l o n g i t u d i n a l  v e l o c i t y  p r o f i l e  in  any  c r o s s  s e c t i o n  i t  s u f f i c e s  to  s o l v e  Eq.  (3) f o r  
t h e  s e l e c t e d  c r o s s  s e c t i o n  x = x 0. 

F o r  v = cons t  (vi = v 0) and  the  b o u n d a r y  cond i t ions  u0(0) = u0(h) = 0 Eq.  (3) has  the  s o l u t i o n  

- ,  
u. = plh h ,  R e -  v~ 

Pro k e x p R e - - 1  ' v 

T h e  cons t an t  Pl i s  e x p r e s s e d  in  t e r m s  of the  g i v e n  f low r a t e  Q0 = uh :  

p h - -  R---~- + exp Re - -  f " ' 

and  the  v a l u e s  of  ~ (Re) a r e  g i v e n  in  the  f i r s t  c o l u m n  of T a b l e  1. T h e  p r e s s u r e  d r o p  a long  the  duct  i s  

" - L o : ( R e ) .  Aptl = plL puvo ~ 

(2.3) 

(2.4) 

(2.5) 

The  f low r e g i m e  wi thou t  a t r a n s v e r s e  c o m p o n e n t  ( P o i s e u i l l e  flow) c o r r e s p o n d s  to  Re  = 0, c~ ~ 12 /Re ,  and  
b y  p a s s a g e  to  t he  l i m i t  we o b t a i n  t he  w e l l - k n o w n  r e s u l t  Ap = - -12,~p~(L/h) ;  a s  IRe, --" ~ ( e s s e n t i a l l y  ,Rel 
~- 50) ,~t = 2, i . e . ,  f o r  tRe$ >> 1 the  d r a g  i n c r e a s e s  a p p r e c i a b l y :  

- L (2.6i 
Apu= -- 2ply01 u~-. 

The considerable increase in Ap is attributable to a change in the structure of the velocity profile, which 
is drawn closer to the wall y = h (to y = 0 for Re < 0) (Fig. 2), causing the velocity gradient u 0 to increase 
significantly there; for IRel >> 1 the velocity increases linearly along the height of the duct, dropping to 
zero only in the immediate vicinity of y = h. Equation (3) has been solved numerically for v! = 0, as in the 
case of (2) by the integral method. In principle, since u 0 is expressed in terms of �9 according to (2.1), 
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u~ 
q ~ RO:-50,o 

<o - '~  

I _5 

Fig.  3. Longi tud ina l  ve loc i ty  d i s -  
t r i b u t i o n  u 0 ove r  the he ight  of a 
duct  with an  i m p e r m e a b l e  wal l  y 

= h (v  1 = 0 ) .  

we c a n  u se  the  r e s u l t s  of the n u m e r i c a l  i n t e g r a t i o n  for �9 i n  w 

However ,  to avo id  the i n e v i t a b l e  e r r o r s  of n u m e r i c a l  d i f f e r e n t i a -  

t ion ,  we f o r m  an  i n t e g r a l  equa t ion  for  the d e t e r m i n a t i o n  of u 0. 

A c c o r d i n g l y ,  we w r i t e  (3) in  the  f o r m  

vu o - -  txo(1)* -~- uocI)**= Pl + O. (2.7) 

The  f o r m a l  i n t e g r a t i o n  of (2.7) with r e g a r d  for  the  b o u n d a r y  
condi t ions  u0(0) = u0(h) = 0 y i e ld s  the i n t e g r a l  equa t ion  

1 1 

Uo = Uoo + P,e K (y, n) uodn, ~ ~ O v j  = bO (Re) + - u '~ (n) dn, 

o o 1 2 . 8 )  

i n  which uao s a t i s f i e s  Eq. (2.7) for G = 0 and has  the f o r m  

Uoo = UTo (Re) exp ,~ - -  exp ~2 1 , 

. . . . . . .  (2.9) 

[ 1' 7o (Re) = ( 1 - -  exp ~ )  (exp ~ - -  1) ~ 2 -  ~t~ _ 1 - ,  (2.10) 
exp ~I -- exp ~2 l~1~t 

where #I and /~2 are evaluated according to Eq. (1.6). 

The ealoulations for ~* = v0/2 and @** = --v0/h exhibit a 
weak influence of the �9 profile on the distribution of u0; the dif- 

ference in the values obtained for the �9 profiles (1.2), (1.8), and 

(1.10) does not exeeed 5%. Also weak is the influence on the 
quantity 

-L 
5p II = Pl L = pvou--~ y (Re), (2. i l) 

whe re  Pl is  eva lua t ed  in  t e r m s  of ~/(Re) a c c o r d i n g  to (2.8). 

The  ve loc i ty  p ro f i l e s  u 0 g iven  in  Fig .  3 i nd ica t e  that  the a s y m p t o t i c  r e p r e s e n t a t i o n s  for  IRel = ~ can 
be  u sed  for  IReJ >- 50; as  in  the ca se  of @, t h e r e  is  a d i s p a r i t y  be t w e e n  the a s y m p t o t i c  r e p r e s e n t a t i o n s  for  
Re = +r and Re = --~o. The  va lues  of "y (Re) a r e  g i ve n  in  T a b l e  1. We note  that  the va lues  of 7 and  13 p r a c -  
t i c a l l y  co inc ide ,  as expected  in  l ight  of the a b o v e - i n d i c a t e d  exact  r e l a t i o n  (2.2). Th i s  r e s u l t  c l e a r l y  shows 
the a c c e p t a b l e  a c c u r a c y  of compu ta t iona l  p r o c e d u r e s  b a s e d  on the i n t e g r a l  r e l a t i o n s  (1.2) and (2.8). The  
a s y m p t o t i c  va lues  of 7 and i3 a r e :  7 (Re  > 50) = ~(Re > 50) = - -2 .62 ;  7 (Re  < --50) = fi(Re < --50)  = 0.48; 
for s m a l l  IRel < 0.5 we have 7 = [3 = - - 1 2 ( 1 / R e  + 3 / 3 5 ) .  

A c c o r d i n g  to (1), t ak ing  Eqs .  (1.11) and (2.11), as  wel l  as  the  equa l i ty  of 7 and t3, in to  account ,  we 
w r i t e  the to ta l  p r e s s u r e  drop  in  the f o r m  

Ap = hp~_ -+- Ap[ I = y (Re @ pvou ~ -  . (2.12) 

3. We now apply the r e s u l t s  obta ined  above to the fol lowing hea t  p r o b l e m :  We c o n s i d e r  two p a r a l l e l  
s u r f a c e s  y = 0 and y = h, the f i r s t  at  a t e m p e r a t u r e  T O and the s econd  at a t e m p e r a t u r e  T w. To  c h a r a c t e r -  
ize the h e a t - t r a n s f e r  r a t e  be tween  the  s u r f a c e s  we i n t r o d u c e  the n u m b e r  Nu = ~ h / X  = [1/(T w - -  T0)] (0T/  
0y)iy =h, where  the h e a t - t r a n s f e r  coef f ic ien t  ~ is  r e f e r r e d  to the  t e m p e r a t u r e  d i f f e r ence  Tw - -  T 0, It is  
obvious  that  i n  th i s  s t a b i l i z e d  t h e r m a l  r e g i m e  without i n j e c t i o n  the mu tua l  i n f luence  be t w e e n  the wal l s  is  

�9 th rough  hea t  conduct ion ,  and Nu = 1. Suppose now that  i n j e c t i o n  (suction) is  r e a l i z e d  a t  y = 0 with a t e m -  
p e r a t u r e  T 0. E x p r e s s i o n s  (6) and (7) imp ly  that  ~ = 0 due to  the i n v a r i a n c e  of T O and T w a long  x. 

The  so lu t i on  of Eq. (8) for  ~0 with u 0 = 0 y i e ld s  the e x p r e s s i o n  

Y y i y 

0 0 0 0 

which corresponds to 

l I y 

0 0 O 
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T h e  d e p e n d e n c e  Nu(Pe)  fo r  q d e t e r m i n e d  by  the  s o l u t i o n  of Eq.  (1.2) wi th  vi = 0 and v 0 * 0 i s  g i v e n  in  the  
fou r th  c o l u m n  of T a b l e  1. It i s  s e e n  tha t  the  i n j e c t i o n  r a t e  has  a s t r o n g  in f luence  on the  h e a t  t r a n s f e r ;  
N u  ~ ~ fo r  P e  ~> 1. In  t h e  s u c t i o n  c a s e  (Pe < 0) t he  i n f luence  of  t he  s u r f a c e  y = 0 on the  s u r f a c e  y = h 
d i m i n i s h e s ,  v a n i s h i n g  a l t o g e t h e r  fo r  P e  ~ - - 2 0 .  

If in  t h i s  c a s e  t he  s u r f a c e  y = h i s  p e r m e a b l e  (v I = v 0, q = cons t ) ,  we  o b t a i n  a s i m p l e  e x p r e s s i o n  f r o m  
(3.2) : 

Nu = Pe exp Pe (3.3) 
exp Pe 1 

Q u a l i t a t i v e l y  the  s a m e  r e s u l t s  a r e  ob ta ined ,  but  q u a n t i t a t i v e l y  they  a r e  m o r e  a c c e n t u a t e d ;  Nu ~ Pe  
fo r  P e  >> 1, and  in  s u c t i o n  (Pe < 0) the  i n f l uence  of the  s u r f a c e  y = 0 on the  s u r f a c e  y = h e s s e n t i a l l y  v a n -  

i s h e s  fo r  P e  -< - - 5 .  

x,  y 
h 
L 

U0, U; V, 
m 

U 

v0 
vl  
v, T 

P 
R e  = v0h /7 ;  

o 
U 

Nu 
a ,  /3, T 
P e  = P r R e ;  

/~1, #2 

N O T A T I O N  

a r e  the  l eng th  and he igh t  c o o r d i n a t e s  in  the  duct ,  r e s p e c t i v e l y ;  
i s  the  duc t  he igh t ;  
i s  the  duc t  l eng th ;  
a r e  t he  l ong i t ud ina l  and t r a n s v e r s e  v e l o c i t y  c o m p o n e n t s ;  
i s  the  a v e r a g e  l ong i tud ina l  v e l o c i t y ;  
i s  t he  i n j e c t i o n  (suct ion)  r a t e  a t  y = 0; 
i s  the  i n j e c t i o n  (suct ion)  r a t e  a t  y = h; 
a r e  the  t e m p e r a t u r e ;  
i s  the  p r e s s u r e ;  

i s  the  d e n s i t y ;  
i s  t he  k i n e m a t i c  v i s c o s i t y ;  
i s  t he  N u s s e l t  n u m b e r ;  
a r e  t he  c o e f f i c i e n t s  in  the  p r e s s u r e - d r o p  equa t ions ;  

a r e  t he  e i g e n v a l u e s  f o r  E q s .  (1.3) and  (2.7). 

lj 
2. 
3. 
4. 

LITERATURE CITED 

H. Sch l i ch t ing ,  B o u n d a r y - L a y e r  T h e o r y ,  6th ed . ,  M c G r a w  Hi l l ,  New Y o r k  (1968). 
P .  P .  Lugovsko i  and  B .  P .  Mi ronov ,  I n z h . - F i z .  Zh. ,  8, No. 4 (1967). 
B .  P .  M i r o n o v  and P .  P .  Lugovsko i ,  I n z h . - F i z .  Zh. ,  25, No. 2 (1973). 
N. E .  Kochin ,  I .  A.  K i b e l ' ,  and  N. V. Roze ,  T h e o r e t i c a l  F l u i d  M e c h a n i c s  [in R u s s i a n ] ,  Vol .  2, 

F i z m a t g i z ,  M o s c o w  (1963). 

196 


